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ABSTRACT
The design of transmitter masts is determined by the wind
load. The mast should sustain the load without excessive
stresses but moreover in order to prevent malfunctioning of the
antennae, the rotation at the top has to be limited. Because
the time dependent character of the wind, the response is
inherent dynamic and susceptible to resonance effects. The
dynamic magnification at resonance is largely dependent on
the damping ratios of the lower vibration modes. Therefore a
vibration experiment was performed on a steel transmitter
mast in order to determine these damping ratios. A by-purpose
was to derive the stiffness characteristics of the pile foundation
from the experiment. Since it is very difficult, if not impossible,
to measure the dynamic wind load, only response
measurements were recorded. The stochastic subspace
system identification method is suited to extract the modal
parameters from such output-only data. Due to symmetry of
the structure, closely spaced modes are likely to occur. This is
confirmed by a Finite Element (FE) Analysis of the mast.
Finally, the experimental results are compared with the FE-
results.

NOMENCLATURE

rotation angle
Kronecker deltapq
discrete time instantk
number of outputsl
number of inputsm
state space model ordern
number of DOFsn2
continuous time instantt

 sampling periodt
expected value operatorE

mass, damping and stiffness matrix ( )M,C2,K ��n2×n2

displacement, velocity, acceleration ( )U, �U,Ü(t) ��n2×1

excitation force ( )P(t) ��n2×1

input data: force ( )u(t) ��m×1

output data: displacements, velocities,y(t)
accelerations ( )��l×1

output matrices for displacement, velocity,Cd,Cv,Ca
acceleration ( )��l×n2

state vector ( )x(t) ��n×1

state matrix, continuous time model ( )Ac ��n×n

input matrix, continuous time model ( )Bc ��n×m

state matrix, discrete time model ( )A ��n×n

input matrix, discrete time model ( )B ��n×m

output matrix ( )C ��l×n

direct transmission matrix ( )D ��l×m

process noise ( )wk ��n×1

measurement noise ( )vk ��l×1

ARV AutoRegressive Vector
ARMAV AutoRegressive Moving Average Vector
DOF(s) Degree(s) Of Freedom
FE Finite Element
FFT Fast Fourier Transform
FRF Frequency Response Function
SVD Singular Value Decomposition

1 INTRODUCTION

In the design process of a steel transmitter mast, the damping
ratios of the lower modes are important factors. The wind
turbulence spectrum has a peak value at a very low frequency
around 0.04 Hz [1]. All eigenfrequencies of the considered
structure are situated at the descending part of the turbulence
power spectrum, and thus in fact only the few lower modes of
vibration are important for determining the structure’s response
to dynamic wind load. The structure under consideration is a
steel frame structure with antennae attached to the top. In
order to prevent malfunctioning of the antennae, the rotation
at the top has to be limited:
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TOP � 1� (1)

MÜ(t) � C2
�U(t) � KU(t) � P(t) (2)

Ac =
0 I

-M -1K -M -1C2

, x(t) =
U(t)

�U(t)
,

Bc =
0

M -1B2

, P(t) = B2u(t) ,

(3)

Only once in 10 years, this value may be exceeded. The
dynamic response (and thus the rotation angle) of a structure
reaches its maximum at resonance, where the amplitude is
inversely proportional to the damping ratio. So the damping is
directly related to the maximum rotation angle. A high damping
ratio means that the amount of steel needed to meet the
specification of limited rotation can be reduced.

A vibration experiment was set up to determine the modal
parameters of the structure. Some accelerometers were
connected to the steel mast and also to the concrete footing.
Although we are mainly interested in the damping ratios, the
modal analysis resulted also in the eigenfrequencies and
mode shapes of the mast. Another purpose of the test was to
determine the foundation stiffness.

In civil engineering it is often very difficult to artificially excite
the structure under test. In the case of a bridge for instance,
the extrapolation of traditional laboratory tests leads to huge
impact hammers and very heavy shakers which are always
expensive and not always very practical. Further, the most
interesting point to excite the antenna mast is the top: the
structure can roughly be modelled as a beam clamped at one
end and all the modes of vibration can be excited at the free
end. Unfortunately in practice it is difficult to excite the mast at
this point with a hammer or shaker. It is clear that in civil
engineering often the need arises to use “natural” excitation
which is freely available. Traffic could be used to excite
bridges and wind load is very suitable to excite tower
structures, especially on stormy days.

However by using such stochastic and unmeasurable ambient
excitation, the traditional FRF-based modal parameter
estimation methods are excluded. Time domain system
identification techniques that deal with output-only data are
more suitable. One of the most recent of these techniques is
the stochastic subspace method [2,3]. This system
identification method assumes that the dynamic behaviour of
the system can be described by a state space model. The
subspace method identifies the state space matrices. From
these, the modal parameters can be extracted. However since
the force acting on the structure remains unknown, it is not
possible to obtain absolutely scaled mode shapes.

The results of the experimental modal analysis are compared
with the results of a FE analysis.

2 STOCHASTIC SUBSPACE IDENTIFICATION

In this section, it is explained how the modal parameters of a
structure can be determined based on output-only
measurements.

2.1 Identification of stochastic systems
Literature exists on several system identification methods that
can identify systems excited by unknown input. The detailed
knowledge of the excitation is replaced by the assumption that
the system is excited by white Gaussian noise.

The most general model of a linear time invariant system
excited by white noise is the so-called ARMAV-model: the
AutoRegressive term of the outputs is related to a Moving
Average term of the white noise inputs. Based on the
measurements, the prediction error method [4] is able to solve
for the unknown matrix parameters. Unfortunately, this method
results in a highly nonlinear minimization problem with such
related problems as: convergence not being guaranteed, local
minima, sensitivity to initial values and especially in the case
of multivariable systems, an almost unreasonable
computational burden.

One possible solution is to omit the Moving Average terms of
an ARMAV-model that cause the non-linearity and to solve a
linear least squares problem to find the parameters of an ARV-
model. A disadvantage is that since this model is less general,
an overspecification of the model order is needed, which
results in a lot of spurious numerical modes.

The stochastic subspace system identification method [2]
shares the advantages of both the above-mentioned methods:

• the identified model is a stochastic state space model
which is in fact a transformed ARMAV-model, and as such
more general than the ARV-model;

• the identification method does not involve any nonlinear
calculations and is therefore much faster than the
prediction error method.

2.2 Stochastic state space model
In this subsection, a justification is given as to why dynamically
excited structures can be represented by a state space model.

The dynamic behaviour of a discrete mechanical system
consisting of  masses connected through springs andn2
dampers is described by the following matrix differential
equation:

For systems with distributed parameters (e.g. civil engineering
structures), this equation is obtained as the finite element
approximation of the system with only  degrees of freedomn2
left. With following definitions:
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�x(t) = Acx(t) + Bcu(t) (4)

y(t) = CaÜ(t) + Cv
�U(t) + CdU(t) (5)

C = Cd -CaM -1K � Cv -CaM -1C2 , D = CaM -1B2 (6)

y(t) = Cx(t) + Du(t) (7)

xk+1 = Axk + Buk + wk

yk = Cxk + Duk + vk
(8)

E [
wp

vp
w T

q v T
q ] =

Q S
S T R pq . (9)

Figure 1:  Cross section of mast and accelerometer positions.

equation (2) can be transformed into the state equation:

Observe that the state space model order equals twice the
number of DOFs ( ).n=2n2

In practice, not all the DOFs are monitored. If it is assumed
that the measurements are evaluated at only  sensorl
locations, and that these sensors can be accelerometers,
velocity or displacement transducers, the observation equation
is:

With following definitions:

equation (5) can be transformed into:

In experiments however measurements are only available at
discrete time instants and noise is always influencing the data.
Therefore the so-called continuous time state space system
(equations (4) and (7)) are sampled and noise terms added
resulting in:

with , , .  is the processA=exp(Ac t) B=[A�I ]A &1
c Bc t=k t wk

noise due to disturbances and modelling inaccuracies, while vk

is the measurement noise due to sensor inaccuracy. They are
unmeasurable vector signals both assumed to be zero mean,
white Gaussian and with covariance matrix:

In the case of unmeasurable inputs acting on a structure, a
stochastic model is more suitable:  is equated to zero inuk
equation (8) or more precisely: the terms with  are implicitlyuk
modelled by the noise terms.

2.3 Subspace identification
The transformation of the equilibrium equations of a vibrating
structure (mechanical or civil engineering) into a state space
model (control theory) was needed to be able to apply the
subspace identification method.

By the application of robust numerical techniques such as QR-
factorization and SVD to a semi-infinite block Hankel matrix,
containing the output data, an estimate of the states (  inxk

equation (8)) is obtained. Once the states are known, the
system matrices are recovered from equation (8) in a least
squares sense. Details can be found in literature [2]. Some
applications of subspace identification to practical problems
are discussed in [5,6,7].

3 STEEL TRANSMITTER MAST

First the structure is described together with the performed
dynamic test. Next the stochastic subspace method is applied
to the experimental data. Before presenting the experimental
modal parameters, the FE-analysis of the structure is
described and finally the analytical (FE) modal parameters are
compared with the experimental ones.

3.1 Description of structure and test
The mast has a triangular cross section consisting of 3 circular
hollow section profiles of which the section and the thickness
decrease from bottom to top (figure 1). The 3 main tubes are
connected with smaller tubes forming the diagonal and
horizontal members of the truss structure. The structure is
composed of 5 segments of 6 m, reaching a height of 30 m. At
the top in the centroid of the section an additional tube rises
above the truss structure resulting in a total height of 38 m. A
ladder is attached to one side of the triangle. Together with the
diagonals, this ladder is disturbing somewhat the symmetry of
the structure. Further, the mast is founded on a thick concrete
slab supported by three piles. At the moment of the test (1997-
02-24), the transmitter equipment (the antennae) was not yet
placed.

The measurement grid for the dynamic test consists of 21
points: every 6 m (from 0 to 30 m height), 3 horizontal
accelerations are measured. Two accelerometers (figure 1: H1
and H2) are put parallel to each other; the third (H3) is
perpendicular to the other two. If it is assumed that the
triangular cross section remains undeformed during the test,
the 3 measured accelerations are sufficient to describe the
complete horizontal movement (2 translations and 1 rotation)
of the considered section. At ground level (0 m) also 3 vertical
accelerations are measured in order to have a complete
description of all displacement components of the foundation.
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Figure 2:  Typical acceleration signal (H1 at 30 m).
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Figure 3:  Stabilisation diagram.
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Figure 4:  Spectrum fit.

To prevent aliasing, the acceleration signals are low-pass
filtered (KEMO-filter unit VBF35A, option 41). The cut-off
frequency was set at 20 Hz. After filtering the data was
sampled (IOtech DaqBook /216) at a frequency of 100 Hz and,
via the parallel port stored on the hard disk of a portable PC
(data acquisition software: DASYLab).

Due to the limited number of acquisition channels and
available high sensitivity accelerometers, the measurement
grid of 21 accelerometers has to be split up in some
measurement configurations. However since the force
(stochastic wind load) is unknown, some redundancy is
required. In output-only cases, the different measurement
series can only be mutually related if there are some sensors
in common to each configuration. The three accelerometers at
the highest level (30 m) are suited as reference
accelerometers since it is not expected that these are situated
at a node of any mode shape. For every configuration the data
is registered during 5 minutes.

3.2 Identification in practice
In figure 2 the acceleration signal H1 (cf. figure 1) at 30 m is
represented in both time and frequency domain. Thanks to the
well-defined boundary conditions and the flexibility of the
structure, the response was linear and the signal-to-noise ratio
very good. These reasons and the use of an anti-aliasing filter
resulted in high quality signals with clear peaks in the power
spectra.

Two system identification sessions are set up. The first
concentrates on the lower modes: the data is filtered by a
digital low-pass filter and resampled at a lower rate. A longer
time window can be used without having to increase the
number of data points and without losing information on the
lower modes. The second identification concentrates on the
higher modes: the data is used as acquired, a shorter time
window is used which distorts the lower modes but does not
influence the higher ones. 

The stochastic subspace method is applied to the data. An
important issue is the determination of the model order.
Theoretically, this choice is based on a singular value plot
(SVD is one step of the subspace method), but practically it is
more useful to choose the order by considering a stabilisation
diagram (figure 3). The stabilisation of the modal parameters
is plotted against the model order. The order where
eigenfrequencies, damping ratios and mode shapes remain
stable is selected. In practical situations it is unavoidable to
overspecify the model order: i.e.  (cf. section 2.2).n>2n2

However the spurious noisy modes can easily be rejected by
looking at the same stabilisation diagram.

Another useful tool to validate the identified state space model
is converting it to theoretical expressions for the output spectra
and comparing these spectra with spectra obtained via a FFT
on the data (figure 4).
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Element type structural
element

m [kg]

PIPE16 truss 2820

MASS21 flanges 625

ladder 617

TOTAL 4062

Table 1 FE model mass distribution.

analytical experimental

mode f [Hz] f [Hz]  [%]

1 BX1 1.5976 1.49 0.47

2 BY1 1.5980 1.49 0.26

3 BX2 3.1665 2.95 0.20

4 BY2 3.1687 2.98 0.19

5 T1 (BX) 6.8100 6.79 0.24

6 BY3 7.4295 7.15 0.34

7 BX3 (T) 7.4683 7.35 0.29

8 T2 (BX) 13.619 13.3 0.28

9 BY4 14.717 13.7 0.35

10 BX4 (T) 14.901 14.8 0.27

Table 2 Correlation: experimental and analytical results.
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Figure 7:  Zoomed stabilisation diagram.

3.3 FE-model
The FE-package ANSYS 5.3 [8] is used to model the mast.
Elastic straight pipe elements (PIPE16) model the truss
structure and mass elements (MASS21) are used to include
the additional masses of the ladder and the steel flanges
connecting the different segments of the truss structure. The
mass distribution is given in table 1.

The bottom and the top of the FE-model of the mast are
represented in figures 5 and 6. The model consists of 261
elements and 76 nodes.

X Y

Z

Figure 5:  Bottom of mast.

X Y

Z

Figure 6:  Top of mast.

3.4 Correlation: experimental and analytical results
The FE eigenfrequencies and description of the mode shapes
together with their experimental counterparts are listed in
table 2. In the description of the mode shapes (column with
entry mode): BX means bending in the direction of the x-axis;
BY means bending in the direction of the y-axis; T means
torsion. The number after these symbols is the counter of the
type of mode. A mode type between brackets means that there
is a component of this type present secondary to the main
mode type. The y-axis is a symmetry axis of the structure,
whereas the x-axis is not (figure 1). Therefore it is not
surprising that bending in the x-direction is often combined
with torsion. The experimental eigenfrequencies are all lower
than the analytical. Probably the perfectly clamped boundary

conditions of the model do not correspond with reality and
springs should be added to the base.

The 1st and 2nd analytical mode are very closely spaced
( ). From the experimental data it is clear that theref=0.025%
are two modes: figure 7, a stabilisation diagram zoomed
around 1.49 Hz, reveals that there are indeed two modes. The
experimental mode shapes (figures 8 and 9) are a combination
of the first two analytical modes (figure 10 represents the 1st

analytical mode). The same holds for the 3rd and 4th mode.
From mode 5 on, the correspondence between experiment
and FE-model is very good, as is shown in figures 11 to 16,
where the experimental modes are compared with the
analytical ones.
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Figure 10:  1st analytical mode.

4 CONCLUSIONS

A vibration experiment was performed on a steel transmitter
mast to estimate the modal parameters. The modal
parameters were successfully extracted from the acceleration
measurements using the stochastic subspace method. The
experimental results are in good agreement with the analytical
(FE) results. The main purpose of the test was to determine
the damping ratios of the lower vibration modes. The
estimated damping ratios are very low ( ).0.2%�0.5%
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